Inversion of functions
Let S(G) be the poset of all subgroups of a finite group G and let A be an abelian group. Given a function/: S(G) -»• A, there is a unique function/: S(G) -> A such that (1.1) \H\RH)= By Mobius inversion, (1.1) is equivalent to the following equation which gives a formula for/and shows its uniqueness:
(
1.2) / ( # ) = ! KS,H)\S\f(S) for all
where n denotes the Mobius function of the poset S(G). One could of course also invert functions without multiplying by the order of the group, but that would not give the 'natural' definition: there is an interpretation of the subsequent results in the Burnside ring which gives a mathematical meaning to this naturality (see Section 7) . Note that if A = Z, then for each/, the function/is integral valued. However given an integral valued function/ the corresponding/has values in Q in general.
We shall only work with functions which are constant on conjugacy classes of subgroups (but we need the full poset S(G) for their inversion). We define $F(G,A) to be the set of all functions f:S(G) -> A such that/(gHg' 1 
) =f(H) for all geG and HeS(G)
. This is clearly an abelian group.
Let X be a set of subgroups of G (closed under conjugation). We shall say that a function/e^(G,y4) is X-determinediff{H) = 0 for H$X. Thus by (1.1) the function /can be written as a sum running only over subgroups in the class X.
The usual definition of a /;-local subgroup of a finite group G (namely the normalizer of a non-trivial /^-subgroup) depends on the way the subgroup is embedded in G. We extend this definition to obtain an intrinsic notion: a finite group H is called p-local if there exists a non-trivial normal /7-subgroup in H. Thus a /7-local subgroup H of G is now any subgroup sandwiched between a non-trivial /^-subgroup P and its normalizer. A function fe&(G, A) is called p-locally determined if it is Xdetermined, where X is the set of /?-local subgroups of G. For another approach, see Section 5.
Our main interest is in the class of /7-local subgroups but we first give some other examples.
EXAMPLES. In all the following examples, the abelian group A is the field Q of rational numbers (or 7L when no denominators are involved).
( 1.3) The function f(H) = \H\~1 is {l}-determined. We have /(I) = 1 and /(//) = 0 if J / # 1.
(1.4) More generally if K is a subgroup of G and X K is the set of conjugates of K, then taking/to be the characteristic function of the set X K , we see that the following function is ^-determined:
[0 otherwise, where m(K, H) is the number of G-conjugates of K contained in H.
(1.5) The constant function / = 1 is ^-determined, where # is the family of all cyclic subgroups of G. On a cyclic group C, the function / takes the value /(C) = 0(|C|) where <f> is the Euler function (that is, the number of generators of C).
(1.6) Our next example is more or less well known. It is for instance implicit in the work of Hirsch [8] . Take k(H) to be the number of conjugacy classes of elements of H; this is also the number of absolutely irreducible representations of H over C. where 0 2 (.S) is the number of commuting pairs (x,y) such that S = <x,.y>. Thus 0 2 (S) = 0 if S is not the direct product of two cyclic groups. The above computation shows that k = <j> 2 so that k is ^-determined, where % is the family of subgroups which are direct products of two cyclic groups. It is not difficult to give formulae for the function 0 2 . If q is a prime and C g * denotes the cyclic group of prime power order q n , then for n, m ^ 1 we have
This suffices to determine 0 2 entirely thanks to the property that if H and K have coprime orders.
(1.8) Given a prime /?, there is a similar treatment for the function l(H), defined to be the number of conjugacy classes of elements of H of order prime to p; this is also the number of absolutely irreducible representations of H over a field of characteristic p. In the computation of the previous example, the sum now runs only over elements xeH of order prime to p (but y is arbitrary). It follows that / is determined by the class of subgroups which are direct product of two cyclic groups, one of which being of order prime to p. There are also explicit formulae for the function /. If q is a prime different from p, then
which are given by (1.7). For the prime p, the formulae are
Note that if H is a group of order prime to p, then l(H) = k(H) and l(H) = fc{H).
Preliminaries on Brown's complex
Let us first recall the definition of Brown's simplicial complex for a finite group H. Given a prime p, let S P (H) be the poset of all non-trivial /^-subgroups of H. Brown's complex A(S P (H)) is the simplicial complex whose simplices are the totally ordered subsets of S P (H), including the empty subset which we view as a simplex of dimension -1. Thus an ^-simplex a is a chain P o < P x < ... < P n in S V (H) and its dimension n is written as n = dim (a).
The For dealing with such a sum, it suffices to have information about the //-homotopy type of A. For instance in order to prove the vanishing of such a sum, it suffices to show that A is //-contractible, since it has zero reduced Lefschetz //-set in that case [13] . Thus in such a situation, we see immediately that one obtains zero whatever the function/is. 
Second proof. This is exactly [9, 3.3] .
Decomposition of functions
Let &(G,A) be the set of all functions f.S(G)-*A which are constant on conjugacy classes of subgroups. We define two subsets of ^{G, A). 
15-2 (3.1) THEOREM. &(G, A) = & p (G, A) 0 & p .(G, A).
The main ingredient for the proof of the theorem is an explicit formula for the projection onto each factor of the direct sum. This involves Brown's simplicial complex. We define two Z-linear maps
Notice that by Lemma 2.4, we can also define f p and f p . using any of the other simplicial complexes defined in Lemma 2.4. This remark also applies throughout this paper whenever we use Brown's complex. Our aim is to show that the two maps above are the projections ontô V (G, A) and 
Proof, (a) One has to show that f p . vanishes on /?-local subgroups. This is exactly Lemma 2.1.
(b) Since every stabilizer H a of a non-empty simplex oek{S p {H)) is a/?-local subgroup, the function/vanishes on those subgroups. Thus the only term remaining in the sum which defines f p . corresponds to the empty simplex and we get/ p ,(//) =f(H).
In order to show that the map f*-+f p is the projection onto & p (G, A), we need information about the inversion of f p , or equivalently, of f p .. 
where O p (H) x denotes the set of complements ofO p (H) in H and/i((l, O p (H)) H ) is the Mobius function of the poset (\,O P (H)) H of H-invariant subgroups ofO p (H) (that is, normal in H).

Note that fi((\,O p (H))") = 0 unless O P (H) is elementary abelian and the action of H/O P (H) on O P (H)
is semi-simple. Indeed otherwise the intersection of all maximal //-stable subgroups of O P (H) is non-trivial and this is well known to imply the vanishing of the Mobius function [12, 3.9.5] .
Note also that if/is constant on isomorphism classes of subgroups (this is often the case), then the value/(S) is constant and there is not any more sum. Although the function/(hence also/) is only defined on subgroups of H, one can define/and
/ o n subgroups of H/OJH) via the isomorphism S s H/O p (H) (where SeO p (H)
1 is an arbitrary complement), and this leads to the formula
which holds when/is constant on isomorphism classes of subgroups. 
(H).C Op(H) (H)\rtV,O p (H))")f(H/O p (H)).
Another consequence of Proposition 3.3 is the following. 
is 9C{p)-determined, where is the family of all subgroups H such that H/O p (H)e^, O P (H) is elementary abelian, the action of H/O p (H) on O p (H) is semi-simple and O p {H) has a complement in H.
Proof. \ff v ,(H)
Thus we deduce the required formula for f P (K). 
= E E KS,c)KQK)\s\f(S)
SOP-lCePS 1 = E KQK) E KS,O\s\f{S)= z tic,K)Ac)
Some examples
We give examples of the decomposition of functions, starting first with some easy functions which were already considered in Section 1. 
4). Then by Proposition 3.3 f p ,(H) is non-zero only if
H is conjugate to a subgroup of the form PxS where S is conjugate to K and normalizes P, P is an elementary abelian /7-group and ^^(P x S) = / \ If we assume that .£ is not contained in any/7-local subgroup ofG, then /vanishes on/>-local subgroups, so that/=/ p ,. In contrast if we assume that Kis a/?-local subgroup, then the condition O p (PxS) = Pis never satisfied so that/ p . = 0 and hencef p . = 0; t h u s / = / p in that case. In general however, as in (4.1),/has a non-trivial decomposition.
We now consider the constant function/= 1. By (1. 
4]). We obtain 0 = £ (i(S,H)\S\(lnd" s (k),k) H = £ fi(S,H)\S\<*,k) s .
But one of the definitions of the inner product (see [3, 2. 
]). If p divides the order of H then X(A(S P (H))/H) = 0.
Proof. We apply the formula for computing the //-part of the constant function:
ms p (H))/H).
This proves the result since x P (H) = 0 if p divides \H\. (4.6) REMARK. We have seen in the proof of (4.3) that x P (H) = 0 if H is not cyclic modulo p. If H is cyclic modulo p, one can apply Corollary 3.5 to get
X P (H) = \0 p (H):C 0p(H) (H)\rt(h0 p (H)y)</>(H/0 p (H)).
One can also deduce easily a formula for
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Further decomposition indexed by p-subgroups
The following result shows that another (maybe more common) way of defining p-locally determined functions implies /?-local determination to our sense. We shall prove below that both approaches are in fact equivalent.
(5.1) PROPOSITION. Letfe^(G,A). Assume that for each H ^G, the evaluation /(//) can be written AH) = E h Q (N H (Q)), where for each non-trivial p-subgroup QeSJfi), h Q is some function in lF(N G (Q),A) such that h SQ ( 8 K) = h Q (K)for each seG andK ^ N G (Q). Thenf isp-locally determined.
Proof. Let H be a subgroup such that O P (H) = 1. We must prove that f{H) = 0. Since the family (h Q ) is G-stable by assumption, we can sum over all /^-subgroups rather than representatives:
AH)= I n{S,H)\S\f{S)
= £ KS,H)\S\ £ IS-.N^QT'^i
= E KS,H) E \N s (Q)\h Q (N s (Q)) QeSp(S) = E LKS,H) \N s (Q)\h Q (N s (Q))
QeSp(H)S>Q
= E E 1*1 h Q (K) E
Note that K is always a proper subgroup of H because Q is a normal p-subgroup of K while O P (H) = 1 by assumption. Write [K, H] for the poset of subgroups S such that K ^ S ^ H. For fixed Q and K, we have
Se[K,H] S(\NH(Q)-K and this is zero thanks to the next well-known lemma (and because N H (Q) < H).
As a result we obtain f{H) = 0 as required. 
:S(N G (Q)/Q) -> Q is denned by h Q {S/Q) = h Q (S), and H Q is the inversion of h Q in the poset S(N G (Q)/Q). Therefore we obtain
AH)= E \Q\£ Q WQ).
Q<H
Qe(l}US p (G) /
A family of functions (h Q ) Qe{1][)SpLG) is G-stable if h gQ ( B K/°Q) = h Q (K/Q) for each geG and Q ^ K ^ N G (Q). Since h Q is constant on conjugacy classes, it is N G (H)-
stable; thus the G-stable product of the left-hand side is isomorphic to the product over representatives of the right-hand side.
We define a Z-linear homomorphism 
Qe{l}VS p (G)
Our first result asserts that OY is the identity of SF{G, A).
(5.5) PROPOSITION. Let /G^(G,A). For every subgroup H of G, we have
AH) = E UN H (Q)).
Qe[{l}USp(H)/H]
Proof. We already know that/i = f p ., so we only have to deal with/ p . Now/ p (/f) is defined by a sum running over non-empty simplices a in A(S P (H)). Writing a = {Q} U T with TeA(S p (H) >Q ), we obtain:
= E E
Qe[Sp(H)/H] relMSp(H)>Q)/NH(Q)]
= E E
Qe[S p (H)/H] = E UN H (Q)),
Qe[Sp(H)/H] using Lemma 2.3 to pass from A(S P (H) >Q ) to A(S P (N H (Q))).
Specializing to /?-locally determined functions, we obtain the existence of a decomposition as in Proposition 5.1. The fact that each/^ is a //-function suffices to guarantee uniqueness, as we now prove. In other words we show that ¥O is the identity.
(5.7) PROPOSITION. Let fe^{G,A) be such that for each H ^G,
for some G-stable family of functions
Proof We compute/p, where P is a /7-subgroup of G.
= E ^^( e r
E (-i) dlmw+i
If g ^ P, we want to prove that the second sum is zero. We define a function ge&(PN K (Q)/P, A) by the formula g(S/P) = h Q (S n N K (Q)/Q). It is easy to see that g is constant on /W K (0-conjugacy classes of subgroups. Then we have
and this allows to compute the sum.
where X = PN K (Q)/P ^ N K (PQ)/P = N K/P (PQ/P). Since Q ^ P, the ^-subgroup P g / P is non-trivial and Lemma 2.2 asserts that the sum above is zero. Now if Q < P, we have h Q (N K ( 0 ) = 0. Indeed since P is a /?-group, the subgroup R = N P (Q) contains (? properly and stabilizes a because P does.
is ap-local group. By assumption h Q vanishes on /?-local subgroups. Up to now in this section, we have only decomposed the evaluation of a function / a t some subgroup H. We now wish to decompose the function itself, using a sum over S p (G)/G rather than a sum over S P {H)/H for each H. 
Qe[{l)\jS p (G)/G]
In particular
Proof. Since /^ = / p ., we are left with the decomposition of f p and we apply Proposition 5.5 which gives the evaluation at a subgroup H. For every /^-subgroup Q, we only have to group the G-conjugates of Q contained in H. 
Qe[S p (G)/G) f>e[N G {Q)\T G (Q, H)IH]
= E E U*r (Q)/Q) For later use, we compute k p (H) and l p {H). Recall from the introduction that si denotes the class of groups S such that O P (S) is elementary abelian and S/O P (S) is the direct product of (at most) two cyclic /-groups. 
Qe[S p (G)/Gl gelN G (Q)\T G (Q, H)/H]
where the sum runs over representatives We now consider the function z defined in the introduction. It is well known that a/?-local group S cannot have a representation in characteristic p which is both simple and projective; thus z(S) = 0. In other words ze^p.(G,Z). Proof We provide a proof, using our approach. By the uniqueness of the decomposition of functions (Proposition 5.7) and the fact that z is a //-function, Alperin's conjecture asserts precisely that for each /^-subgroup Q, the //-function
We also define np(H) = l(H) -z(H) (the number of non-projective irreducible p-modular characters of H) and nd(H) = k(H)-z(H)
defined in 'Section 5 should be equal to z. But (l)o (7) The right-hand side of (7) is equal to l p . by definition. This is clear by Lemma 6.1.
Relationship with the Burnside ring
Let B{G) be the Burnside ring of the group G. Let SC be a set of subgroups of G closed under conjugation. Let B x be the Z-span of all G/S where S runs in SC and let K x be the intersection of all Ker(0 s ) where S runs in SC. We only work with the Z-module structure of these subsets, but for completeness we note that K x is an ideal of B(G), whereas in general B x is not (unless 2C is closed under taking subgroups, in which case B x is the image of induction from subgroups in £" and K x is the kernel of restriction to subgroups in 2£). Both submodules B x and K x are pure submodules of B(G), because B x is spanned by a subset of the basis of B{G), while if <p s (nx) = 0 for 0 # neZ then obviously 0 5 W = 0. Proof. The first equality is clear since fe B x if and only if f'(G/S) = 0 for all Se#\ For the second we first note that Q®zK x is spanned by the primitive idempotents e H , where H$9C. Here e H is defined by the properties <j> H (e H ) = 1 and 0s( e w) = 0 if 5 is not conjugate to H. Extending our functions to Q (g) 2 l?(G), we see that feK x if and only if/(e w ) = 0 for all H$%. But by a result of Gluck [7] , we have
